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MODULAR EMBEDDINGS AND 
AUTOMORPHIC HIGGS BUNDLES 

ROBERT A. KUCHARCZYK 

Abstract. We investigate modular embeddings for semi-arithmetic Fuchsian 
groups. First we prove some purely algebro-geometric or even topological criteria 
for a regular map from a smooth complex curve to a quaternionic Shimura variety 
to be covered by a modular embedding. Then we set up an adelic formalism for 
modular embeddings and apply our criteria to study the effect of abstract field 
automorphisms of C on modular embeddings. Finally we derive that the absolute 
Galois group of Q operates on the dessins d’enfants defined by principal congru¬ 
ence subgroups of (arithmetic or non-arithmetic) triangle groups by permuting 
the defining ideals in the tautological way. 


Contents 

1. Introduction 2 

2. Uniforniisation and Higgs fields 6 

2.1. The upper half plane and variations of Hodge structure 6 

2.2. Higgs bundles 10 

2.3. Theta characteristics 11 

3. Quaternionic Shimura varieties 14 

3.1. The Shimura varieties themselves 14 

3.2. Automorphic line bundles 17 

4. Geometry of modular embeddings 20 

4.1. Modular embeddings 20 

4.2. Maps from curves to Shimura varieties 23 

4.3. Adelic theory 26 

5. Galois conjugation 27 

5.1. The Serre, Taniyama and Galois groups 27 

5.2. Torsors and Galois cohomology 30 

5.3. Galois conjugates of Shimura varieties 30 

5.4. Galois conjugates of modular embeddings 35 

5.5. Application to triangle groups and dessins d’enfants 38 

References 39 


2010 Mathematics Subject Classification. Primary: 11F41, 11F99, 11G18, 14G35. Secondary: 
11F03, 11G30, 11G35, 14G30, 14H60, 34M45. 

Key words and phrases. Modular embeddings, Fuchsian groups, quaternionic Shimura varieties, 
Hilbert-Blumenthal varieties, Higgs bundles, automorphic vector bundles, variations of Hodge 
structure, triangle groups, dessins d’enfants, Galois conjugation. 

Research partially supported by the European Research Council. 



2 


ROBERT A. KUCHARCZYK 


1. Introduction 

In this article we examine several geometric and arithmetic aspects of modular 
embeddings in the sense of Schmutz Schaller and Wolfart [42], These are certain 
holomorphic maps /: El —)■ H'’, where El is the complex upper half plane, which are 
equivariant for group homomorphisms (p: A ^ F, where A C PGL 2 (M)+ is a (not 
necessarily arithmetic) lattice and F C (PGL 2 (M)’'")’’ is an irreducible arithmetic 
lattice, and where the first projection PGL 2 (M)^ —)■ PGL 2 (M) composed with cp 
induces the identity on A. Such embeddings induce regular maps between algebraic 
varieties f: C ^ S, where C is the algebraic curve with = Z\\EI, and S is the 
Shimura variety with 5''^“ = r'\EI^. 

As of today three series of examples are known for groups A admitting modular 
embeddings: 

(i) If A is arithmetic the identity El —)■ El is a modular embedding. More gen¬ 
erally modular embeddings into higher-dimensional quaternionic Shimura 
varieties can be constructed quite easily. 

(ii) All Fuchsian triangle groups A = Ap^q^r admit modular embeddings, but 
only hnitely many of them are arithmetic (see [51]). These modular em¬ 
beddings were constructed in [5] where also modular embeddings for non¬ 
arithmetic groups were first introduced. 

(iii) Those Veech groups that are lattices - in which case they can also be char¬ 
acterised as the uniformising groups of Teichmuller curves - admit modular 
embeddings. This was discovered in [31] for genus two and in [38] for the 
general case. 

See Examples 4.3 below for a more detailed review. 

The main results of this article can be roughly divided into two distinct but 
related groups. In the first group we start with an arbitrary regular map /: G —)■ S' 
where C is an algebraic curve over C and S' is a Shimura variety of the kind that 
appears for modular embeddings (a quaternionic connected Shimura variety, see 
Section 3.1 below), and give criteria of a geometric nature determining whether / 
arises from a modular embedding. In the second group we study the behaviour of 
modular embeddings under abstract held automorphisms of C, and deduce a result 
about the Galois operation on a certain class of dessins d’enfants. 

We now announce our main results in more explicit phrasing. 

Geometry of modular embeddings. We recall the construction of irreducible arith¬ 
metic lattices in (PGL 2 (M)’'")’’. This begins with a totally real number held F and 
a quaternion algebra B/F. Let 5 ^ = [F : Q] and let qi, ..., Qg\ F —)■ M be the dis¬ 
tinct held embeddings, and assume they are numbered in such a way that B splits 
at Qi, ■ ■ ■, Qr and ramihes at Qr+i, ■ ■ ■ ■, Qg- We assume that r > 1, and for every 
1 < J < I" we hx an isomorphism B ®F,gj 1^ — M 2 (M). 

Let further 0 C F be an order and let 0^ be the group of invertible elements 
of reduced norm one in 0. By the isomorphisms we just chose this embeds as 
an irreducible arithmetic lattice in SL 2 (M)’’, and any subgroup F C (PGL 2 (M)+)'’ 
commensurable to the image of 0 ^ in (PGL 2 (M)^)'’ is also an irreducible arithmetic 
lattice. 
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Definition 1.1. Let F as above, let A C PGL 2 (M)’'' be a lattiee and let 1 < j < r. 
A modular embedding for A with respect to gj is a pair (/, (p) sueh that: 

(i) ip is a group homomorphism A ^ F such that the composition 

z\ 4 r c (pgl2(m)+)’’ 4 pgl2(m)+ 

is equal to the identity inclusion (in particular, A is commensurable to a 
subgroup of the possibly indiscrete group C PGL 2 (M)^j; 

(a) f: M. ^ EF is a holomorphic map equivariant for p: A ^ F, i.e. satisfying 

f{Sz) = p{6)f{z) for all z 6 E A. 

As mentioned above, such a modular embedding defines a regular map of algebraic 
varieties f:C^S. Our first two main results give purely algebro-geometric (or 
even topological) criteria when a morphism from a curve to a quaternionic Shimura 
variety is covered by a modular embedding. We need to distinguish between two 
cases, depending on whether C is affine or projective. 

To state the results it is necessary to assume that F is torsion-free; this can always 
be assumed by passing to a finite index subgroup, which is benign for our purposes. 
The cotangent bundle 04 splits in an obvious way as a sum of line bundles, induced 
by the product decomposition HI’’ = YVj=i Since the elements of F preserve this 
decomposition, it descends to the cotangent bundle of S': 

r 

J=1 

for some algebraic line bundles Jtj on S. 

Theorem Al. Let S be a Shimura variety of the kind just described, constructed 
from a quaternion algebra B/F, let C be a smooth projective complex curve, let 
f: C ^ S be a morphism of complex algebraic varieties and let qj be an archimedean 
place of F at which B is unramified. Then the following are equivalent: 

(i) f is covered by a modular embedding with respect to Qj. 

(ii) f*Jtj is isomorphic to the canonical bundle uq as an algebraic line bundle, 
(in) f*J(j is isomorphic to uc as a topological line bundle (i.e. the degree of 

f*Mj is minus the Euler characteristic of C). 

This is Gorollary 4.5 below. An extension of Theorem Al, with some additional 
equivalent conditions, is given and proved below as Theorem 4.4. 

Theorem Al is proved using simple special cases of ideas from G. Simpson’s 
correspondence between Higgs bundles and local systems. The line bundles Jtj 
come with distinguished square roots STj that can be viewed as bundles of certain 
modular forms for F, see Remark 3.3 below. Phrased more abstractly, they are 
automorphic line bundles. For a map / covered by a modular embedding, f*STj 
is then a theta characteristic, hence there is a natural isomorphism dj : f*2Tj —)■ 
f*3’~^ G) cOq, i.e. a maximal Higgs field. This field can also be constructed without 
the assumption that / is covered by a modular embedding, and its maximality is 
equivalent to / being covered by a modular embedding. 

In the affine case we obtain a very similar result. Then the line bundles f*SLj 
can be constructed in a different way. If C is affine and / : G —)■ S' is covered by 
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a modular embedding then S is automatically a Hilbert-Blumenthal variety, i.e. a 
quaternionic Shimura variety derived from the quaternion algebra B = M 2 (-F) (see 
Proposition 4.6 below). These varieties are moduli spaces for abelian varieties with 
real multiplication by F, hence a morphism f: C ^ S (modular embedding or not) 
corresponds to a family pc '■ Ac —)■ C* of such abelian varieties. To such a family 
we attach its Hodge bundle a vector bundle on C with a Q-linear action 

by F. Fixing an archimedean place Pj of F we denote the f?j-eigenspace in the 
Hodge bundle by W; this is an algebraic line bundle on C. 

Letting C* be a projective completion of C with boundary D the theory of vari¬ 
ations of Hodge structure provides us with a canonical extension ^ext of ^ to C. 
Our main geometric result in this case is then the following. 

Theorem A2. Let C = C\D be a smooth affine curve, letpc'- Ac C be a family 
of abelian varieties with real multiplication by F, let f: C ^ S be the corresponding 
regular map where S is a Hilbert-Blumenthal variety, and let qj: F ^ be an 
archimedean place. Let pe^t o,nd g’ext be as above. Then the following are eguivalent: 

(i) f is covered by a modular embedding for q. 

(ii) ^ext is a logarithmic theta characteristic on C, i.e. its sguare is isomorphic 
to uJci^ogD). 

(Hi) The degree of Wext is —| times the Euler characteristic of C. 

This is proved as Theorem 4.8 below. Note the similarity to Theorem Al; the 
restriction of ^’ext to C is f*STj, a square root of f*Jij. Compare also Remark 4.9 
below. 

There are other results that express a seemingly transcendental condition (as 
being covered by a modular embedding presents itself) on a regular map between 
algebraic varieties in a purely algebro-geometric language and that also proceed via 
Simpson’s correspondence. To the present author’s knowledge, this idea was hrst 
used in [53] to study Shimura curves in the moduli space of principally polarised 
abelian varieties, then for Teichmiiller curves in [38] and for Kobayashi geodesics in 
s^g in [39]. 


Field automorphisms. A consequence of Theorems Al and A2 is that the property 
of being covered by a modular embedding is stable under held automorphisms of C. 
For r G Aut C the variety rS is again a quaternionic Shimura variety and the bundle 
rMj occurs again as a summand of the cotangent bundle. This implies; 

Theorem B. Let C and S be as in Theorem Al or A2, let f: C ^ S be covered 
by a modular embedding with respect to Qj\ F —)■ M and let r G AutC. Then 
rf : rC —)■ rS is covered by a modular embedding with respect to r o pj. 

This is Theorem 5.9 below. A more rehned version, employing the adelic form¬ 
alism of Shimura varieties and thus giving a more explicit version of this result, is 
formulated as Theorem 5.12. It makes use of the explicit theory of Galois conjugates 
of Shimura varieties in the form conjectured by Langlands [28] and proved by Milne 
and Shih [32, 36], and its extension by Milne to automorphic vector bundles [33]. 
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Dessins d’enfants. Theorem B (or a more precise form thereof) has applications to 
the theory of dessins d’enfants. Let p, q, r be positive integers or cxd snch that 



p q r 


(where we set — = 0), and let Lip qC PGL 2 (M)’'' be the triangle gronp of signature 
{p,q,r). This group admits a modular embedding to an arithmetic group dehned 
by a certain quaternion algebra over the held 

( 71 71 71 

COS —,cos —,cos — 
p q r 

and we may dehne principal congruence subgroups g ,.(a) for every integral ideal 
a of The natural projection 

L^p,ij,r(ii)\lHl —t = P^(C) 

is then unramihed outside {0,1, cxd} C P^(C), i.e. it is a Belyi map and therefore 
corresponds to a dessin 3)p^q^r{ci). 

Theorem C. The action by Gal(Q/Q) on 3)p^q^r{<^) is given by 

(un) • 

This is Theorem 5.14 below. Several special cases have been proved before by 
rather different methods, cf. the discussion following Theorem 5.14. 

Outline. In Sections 2 and 3 we summarise known or essentially known material 
that is used in proving our main theorems but rather scattered throughout the 
literature, so we recall it here in phrasings suitable for our purposes. Section 2 
contains a discussion of variations of Hodge structure, Higgs helds and Simpson’s 
correspondence in the very special one-dimensional cases that we need, and some 
results about their relation to geometry, most importantly Proposition 2.8, the 
main nontrivial result used to prove Theorems Al and A2. In Section 3 we recall 
the formalism of connected Shimura varieties and automorphic line bundles, with 
special emphasis on quaternionic Shimura varieties, which are those that can occur 
as targets for modular embeddings. 

In Section 4 we introduce modular embeddings, discuss examples and recall some 
of their properties, leading to proofs of Theorems Al and A2. The effect of held 
automorphisms of C is discussed in Section 5, beginning with a summary of Deligne- 
Langlands-Milne-Shih’s results on conjugates of Shimura varieties and automorphic 
bundles and continuing with applications to modular embeddings, including The¬ 
orems B and G. 
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to thank his coauthor, John Voight, for suggesting to publish it as a separate art¬ 
icle, and Jurgen Wolfart for encouraging him to try to prove Theorem G using 
modular embeddings. Furthermore he wishes to thank these two people and in ad¬ 
dition Ursula Hamenstadt, Martin Moller, Joachim Schwermer, Jakob Stix, Martin 
Westerholt-Raum and Jonathan Zachhuber for insightful conversations about the 
contents of this article and surrounding topics. Last but not least thanks go to 
Allan Hale for printing. 



6 


ROBERT A. KUCHARCZYK 


Notation. For a field k the symbol k denotes an algebraic closure of k. Specifically, 
Q denotes the algebraic closure of Q in C. Complex conjugation, or its restriction 
to any subfield of C, is denoted by l. The prohnite completion of Z is denoted by 
^ = rip prime huite rational adeles is denoted by A-^ = Z Q. 

For a held extension E/F, Weil’s restriction of scalars is denoted by Res^/P’. 
The multiplicative group over a held F is denoted by Gm = Gm,F = GLi ir. We 
often write T® for Resg/irGm when F is clear from the context. For a linear 
algebraic group G over a held k we write X*(G) = Hom(G^, and X*(G) = 

Hom(G^^, G^), both regarded as Gal(A;/A;)-modules. 

For an algebraic group G dehned over a subheld /c of M we denote the connected 
component of the identity in G(M) by G(M)’'', and we set G{k)^ = G{k) fl G(M)’''. 

The group of n-th roots of unity (as an abstract group scheme, or as a subgroup 
of C) is denoted by /i„. 

Holomorphic or algebraic vector bundles on a complex manifold or variety X are 
denoted by latin letters such as V when considered as hbre bundles R —)■ X with 
hbrewise vector space structure, and by corresponding calligraphic letters such as 
when considered as sheaves of (5x-modules. 

If X is a variety over C, the associated complex analytic space is denoted by X®'“. 

Two diherent symbols for isomorphism are used: X ~ X denotes the existence of 
an isomorphism X —)■ X and X = X denotes that a particular (usually canonical) 
isomorphism has been chosen. 

If / : X —)■ X is a map and A C X and R C X are subsets with f(A) C B, then 
/l^ denotes the induced map A ^ B, and f\A means /|^ when it makes sense. 

For two sets A and B the symmetric diherence is denoted by AAB = (A U R) \ 
(AnR). 

For an equivalence relation on a set X the equivalence class containing t G X is 
denoted by [t]; for equivalence classes in products X x X we write [x,y] instead of 


2. Uniformisation and Higgs fields 

By the uniformisation theorem the universal cover X of every hnite type Riemann 
surface X with negative Euler characteristic is biholomorphic to the upper half 
plane El = {x G C | Imx > 0}, hence X is biholomorphic to a quotient Z\\]HI where 
Z\ is a torsion-free lattice in the biholomorphism group Ant El. We identify this 
group with PGL 2 (M)’'' acting via Mobius transformations.^*^ The geometry behind 
this result is much subtler than it appears at Erst sight, see e.g. [17, 22]. 

The upper half plane naturally occurs in many different contexts. For the purpose 
of the present work it is convenient to interpret it as a period domain for Hodge 
structures. 

2.1. The upper half plane and variations of Hodge structure. We recall 
the basic definitions around Hodge structures, cf. [8, 21, 41]. Let X be a finite¬ 
dimensional real vector space. A real Hodge structure on X is a decomposition of 

•■‘Hhis is more commonly called PSL 2 (M), but we wish to avoid this notation since it wrongly 
suggests the existence of a linear algebraic group PSL 2 whose group of real-valued points is 
PGL2(IR)+. 



MODULAR EMBEDDINGS AND AUTOMORPHIC HIGGS BUNDLES 


7 


V<c = V (giR C into complex vector subspaces, 

n = 0 

p,q&Z 

such that is the complex conjugate of The Hodge numbers of this structure 
are the numbers = dime There are two important data derived from this 
decomposition; 

(i) the weight decomposition V = (direct sum of real vector spaces), 

where 14 ,c = 0p+g=n and 

(ii) the Hodge filtration F*Vc: • ■ ■ 4 F“^Vc; 4 F^Vc 4 F^Vc 4 • ■ ■ defined by 

The weight decomposition and the Hodge filtration together suffice to reconstruct 
the Hodge structure as 

= Vc, P+, nFWcnWVc. 

A Hodge structure is called pure of weight n\iV = 14- The standard example of a 
Hodge structure of pure weight n is H”^(X, M) for a compact Kahler manifold X. 

These definitions can be rephrased in terms of representations of the Serre torus 
§ = Resc/RGm with §(M) = C^. If H is a finite-dimensional real vector space and 
§ —)■ GL(H) is a rational representation, we let be the subspace of Vc where 
G = §(M) operates as multiplication by This assignment defines an 

equivalence of categories between representations of S and real Hodge structures. 

The weight decomposition corresponds to the homomorphism w : Gm,R —t S given 
on real-valued points by r i—)■ r~^. Hence the weight decomposition is characterised 
by the fact that w{r) operates as r~'^ on 14 - 

The Hodge filtration corresponds to the homomorphism p,\ Gm,c §c given on 
complex-valued points by —)■ x C^, x i—)■ (x, 1). Here we use the unique 

isomorphism of complex Lie groups §(C) —)■ x such that the composition 

= §(M) -A §(C) ^ X 

is the identity on the first coordinate and complex conjugation on the second one. 

For this reason, whenever we have a homomorphism h: § —)■ G where G is a 
real algebraic group, we think of it as a ‘Hodge structure on G’ and call Wh = 
how. Gm,R —t G the ‘weight decomposition’ and ph = hop-. Gm,c —t G the ‘Hodge 
filtration’. 

Tensor products, duals, symmetric powers and alternating powers of Hodge struc¬ 
tures are defined in the obvious ways. For each n G Z we define the Tate Hodge 
structure^^^ M(n) of pure weight —2n that corresponds to the representation S —)■ 
GL(1) sending x G = §(M) to \z\~'^. Its underlying real vector space is usu¬ 
ally written as (27ri)’^M, and for nonnegative n there is a canonical isomorphism 
M(-n) = H2^(P’^(C),M). 


to be confused with Hodge-Tate structures, which are certain p-adic Galois 
representations. 
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Polarisations. For a real Hodge structure V with corresponding representation 
g: S ^ GL(H) the Weil operator on V is the real linear map C\ V ^ V that 
acts as on It can also be described as f)(i) where i is interpreted as an 

element of = S(M). 

Let H be a real Hodge structure which is pure of weight n. A polarisation of 
H is a morphism of Hodge structures tjj: /\^ V ^ M(—n) for which the symmetric 
pairing 

'L; Vr X 14 -)■ M, (n, w) ha Cw), 

is positive dehnite. The Hodge structures M) for smooth projective varieties 

X admit polarisations coming from ample line bundles on X. 

Variations. If X is a complex manifold, a variation of (real) Hodge structure V on 
X consists of a local system Vr of real vector spaces on X together with a Hodge 
structure on each hbre VR(a;) such that the weight decomposition is induced by a 
decomposition of local systems Vr = Vr^„, the Hodge hltration is induced by 

a hltration of holomorphic vector bundles : ■ ■ ■ 4 F”^*^ 4 F^"^ D F^*^ ri ■ ■ ■ 
and Griffiths’s transversality condition VF^'^ C ® holds. Here TV = 

Vr (8)r ©X is the holomorphic vector bundle underlying Vc and V'. ’V ® i® 
the unique holomorphic integrable connection for which the sections of Vc are hat. 

Morphisms, tensor products and so forth are dehned in the obvious way, as is the 
‘constant variation’ V_x associated with a Hodge structure V. A polarisation of a 
variation V of pure weight n is a morphism of variations V —)■ M(—n) which 
is a polarisation hbrewise. Usually the existence of a polarisation on each weight 
component is included in the dehnition of a variation of Hodge structure. 

Again the motivating example is derived from the cohomology of algebraic variet¬ 
ies: let /: Y —)■ X be a smooth projective morphism of algebraic varieties, then there 
is a variation of real Hodge structure V with underlying local system Vr = 
the hbre at t G X is H'^(/“^(a;)“,M) equipped with its natural Hodge structure. 
These variations admit polarisations that are constructed from relatively ample line 
bundles on Y. 

The upper half plane as a period domain. Let IF = with the symplectic form 

= A*- (O' 

Then El parameterises Hodge structures on IF for which 4 is a polarisation and 
which have Hodge numbers = 1 and all other v'^'^ = 0. An easy calcula¬ 

tion shows that all such Hodge structures have the form 

F^Wc = IF^’° = C ■ Q and IF^’^ = C ■ 

for a uniquely determined x G El. 

These Hodge structures dehne a polarised variation of Hodge structure W on El, 
given by the following data: 

(i) the trivial local system of M-vector spaces Wr = IF on EI; 

(ii) the symplectic form ip: A^Wr —)■ M(—1 ); 
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(iii) the filtration of the trivial holomorphic vector bundle W = 
with = W for p < 0 , 

{¥^W), = C- 

and Y^W = 0 for p > 2 . 

The previous considerations show: 

Lemma 2.1. Let Y be a complex manifold. Then there is a natural bijection between 
the following two types of objects: 

(i) polarised variations of real Hodge structure V on the trivial local system 
Vr = with the symplectic form (1) with Hodge numbers = 1 

and all other v^’'^ = 0; 

(a) holomorphic maps f:Y —)■ H. 

This bijection is effectuated as follows: f as in (ii) corresponds to the variation 
f*W on Y, and a variation V corresponds to the period map 

/: y —)■ H, y ^ z such that {Y^'Y)y = C ■ 

The universal variation W on El admits an action by SL 2 (R) extending that on 
El by Mobius transformations: if IT = El x R^ is the total space of Wr, we set 

g-.W {z,w) ^ {gz,gw), 

for g G SL 2 (R), where z gz \s the usual operation by Mobius transformations 
and w I—)■ gw is the usual matrix-by-vector multiplication. A direct computation 
shows that the action of SL 2 (R) on Wc by C-linear extension preserves the Hodge 
hltrations, and therefore this action can be viewed as an action on W as a polarised 
variation of real Hodge structure. 

If T C SL 2 (R) is a torsion-free discrete subgroup, then W descends to a polarised 
variation of real Hodge structure Wr = T'\W on Xr = r'\EI which we call the 
Fuchsian variation on Xp. 

Remark 2.2. If T C SL 2 (A) for some subring A C R, the Fuchsian variation admits 
a natural A-structure W r , A - In particular for torsion-free subgroups F C SL 2 (Z) 
we obtain a principally polarised variation of integral Hodge structure on X^; it is 
isomorphic to the variation for the universal or ‘modular’ family of elliptic 

curves p: Ep -A- Xp, and the family can be reconstructed from the variation. In this 
sense the Fuchsian variation W p serves as a replacement for this family of elliptic 
curves also for the cases when F is not contained in SL 2 (Z). 

Definition 2.3. Let X be a complex manifold. A real variation of elliptic curve type 
on X is a polarised variation of real Hodge structure Y on X with Hodge numbers 
= -yO.i = X djicl all other = 0 . 

For such a variation the local system Vr need not be trivial. However, its pullback 
to the universal cover X is. After choosing a trivialisation of this pullback we obtain 
a period map X —)■ El. This trivialisation allows us to interprete the monodromy 
of the local system on X as a representation q\ 7 ri(X) —)■ SL 2 (R); the period map 
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is equivariant for g. If the image of is a discrete subgroup F of SL 2 (M), then the 
period map descends to a holomorphic map / : X —)■ r\M., and V = f*Wr- 

Deligne’s canonical extension. Let X be a smooth compact complex manifold and 
let X C X be a normal crossings divisor (these conditions are met if X is a compact 
Riemann surface and X is a hnite subset). Set X = X \ X, and let V be a polarised 
variation of real Hodge structure on X. Assume furthermore that the monodromy 
around X operates by unipotent endomorphisms on the hbres of Vr. This is true, 
for instance, if X = r\M and V = for a torsion-free lattice F C SL 2 (M) that 
does not contain parabolic elements with eigenvalue —1. Let 'W = be the 

vector bundle underlying the variation, and let V: ® be the natural 

connection. 

Then there exist an extension of to a holomorphic vector bundle %xt on X 
and an extension of V to a logarithmic connection, i.e. a sheaf homomorphism 
Vext: %xt %xt <8 satisfying the Leibniz rule, such that the residue 

of Vext at each component X° of X is a nilpotent endomorphism of %xt|vo. The 
pair (%xt, Vext) is determined uniquely up to isomorphism by these properties. Its 
existence and uniqueness are proved in [7, IL§5]. 

The subbundles F^'F' C J/' extend uniquely to holomorphic subbundles F^%xt X 
■^xt- This is a direct consequence of the Nilpotent Orbit Theorem [41, (4.9)]. 

Remark 2.4. Assume that X is a smooth projective variety, and that V is isomorphic 
to the variation for some smooth proper morphism /: X —)■ X. Then the 

vector bundle F' has an algebraic structure: it can be identihed with the relative 
de Rham cohomology ^1^{Y/X) = R}f^VtYixi and the subbundles F^F can be 
constructed by truncating the relative de Rham complex hence they, too, are 

algebraic subbundles of F. But there is also a different way to hnd algebraic struc¬ 
tures on these bundles: the canonical extensions %xt and F^Fixt are holomorphic 
vector bundles on X, hence by Serre’s ‘GAGA’ theorems [44, Theoremes 2 et 3] 
they possess unique algebraic structures which we can restrict to X. By [41, (4.13)] 
these two constructions produce the same algebraic structures on F and its Hodge 
subbundles. 

2.2. Higgs bundles. It is often convenient to work with systems of Hodge bundles 
(see [48, p. 898]), a souped-up version of Higgs bundles, instead of variations of 
Hodge structure, since they £t more naturally into the realm of algebraic varieties. 
By deep results of G. Simpson [48, 49, 50], variations of Hodge structure and systems 
of Hodge bundles contain the same information in many important cases, including 
our setup. For an introduction to this circle of ideas see [29]. We need only an 
elementary special case, for which the whole machinery is not necessary. 

Definition 2.5. (i) Let X be a complex manifold or an algebraic variety (over 

an arbitrary base field). A Higgs bundle of elliptic curve type on X consists 
of a (holomorphic or algebraic) line bundle SL on X and an ©x-Hnear map 
■d: — )■ called the Higgs held. 

(ii) If X is a smooth compact complex manifold or a smooth complete algebraic 
variety and X <Z X is a normal crossings divisor, a logarithmic Higgs 
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bundle of elliptic curve type on X = X \ Y is a line bundle S’ on X 
together with an Gj^-linear map S ^ ® f2^(logy). 

Let X be a complex manifold and let V be a real variation of elliptic curve type 
on X. There is a simple way to construct a Higgs bundle from V: Set S = 
and (for the moment) M = ^ jS. The hbre of M over a; G X is which is 

canonically isomorphic to V°’^; note, however, that the for varying x form not 
a holomorphic but an antiholomorphic subbundle of Vc, which is isomorphic as a 
‘g'°°-vector bundle to M ■ 

Lemma 2.6. With this notation, M is canonically isomorphic to the dual of S. 
Hence we may identify M with 

Proof. The short exact sequence 

0 ^ S ^ M ^0 

gives rise to an isomorphism S ® Jl = But f\ J/' is the vector bundle 

underlying the variation of Hodge structure f\ V, which is canonically isomorphic 
to the constant variation M(— 1 ) via the polarisation. □ 

Recall that the connection V; ( 8 ) is C-linear and satishes the Leibniz 

rule: 

V(/n) = /V(n)+n0d/ (2) 

for sections / G ©x{U), v G 'V{U). We then dehne a Higgs held i?: —)■ 

fix fhs composition of inclusion, connection and projection; 

S ®Q}x ^ M = ® 

This is indeed an t9x-hnear homomorphism of sheaves: if n is a section of S, then 
the second summand in ( 2 ) vanishes modulo S ® hlx- 

Similarly, if X is a smooth compact complex manifold, Y C X is a normal 
crossings divisor, X = X\X and V is a real variation of elliptic curve type on X with 
unipotent monodromy around X, then the Deligne extension of the corresponding 
vector bundles gives rise to a logarithmic Higgs bundle S ^ 0 r 2 H(logX). 

If X is a complex projective variety then S and d are again algebraic by ‘GAGA’. 

2.3. Theta characteristics. Theta characteristics are structures on algebraic curves 
or Riemann surfaces that can be expressed in many different ways. They also play 
a role in our theory, in the following two guises: 

(i) Let G be a smooth curve over a held k, let C be its smooth projective 
completion and let D = G \ G be the boundary. A (logarithmic) theta 
characteristic on G is an algebraic line bundle S on C such that ~ 
a;^(log D). Let 0(G) be the set of isomorphism classes of logarithmic theta 
characteristics on G. 

Assume from now on that k is algebraically closed of characteristic dif¬ 
ferent from two. From the structure of the Picard group Pic G one easily 
derives that 0(G) is nonempty if and only if the cardinality of D is even. 
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and in this case it has 2 ^^ elements where g is the genus of C. More precisely, 
consider the long exact cohomology sequence for the short exact sequence 

1 —)■ /i 2 —t 0^ —> 0^ —)■ 1 (3) 

of etale sheaves on C; a segment of it can be rewritten as 

^ PicC ^ PicC ^ fi2) ^0 

(cf. the discussion in [10, III.3]). So, Hl^(C,/i 2 ), which is a (Z/2Z)-vector 
space of rank 2g, is identihed with the 2-torsion subgroup of PicC, and 
hence 0 ( 6 *) is, when nonempty, a torsor under {C,fi2). 

The same discussion can be repeated for Riemann surfaces of hnite type, 
with holomorphic line bundles instead of algebraic line bundles and sheaves 
for the analytic topology instead of the etale topology. 

(ii) Let A C PGL 2 (M)’'' = SL 2 (M)/{± 1 } be a torsion-free lattice. Then a theta 
characteristic for is a lift of A to SL 2 (M), i.e. a group homomorphism 
A —)■ SL 2 (M) such that the composition A —)■ SL 2 (M) —)■ PGL 2 (M)’'" is 
the given embedding. A theta characteristic of A is called unipotent if all 
parabolic elements of A are lifted to unipotent elements of SL 2 (M). Denote 
the set of theta characteristics of A by 0(L\), and the subset of unipotent 
ones by C 0 (Z\). 

Again it is a classical result, rediscovered several times, that there always 
exists a theta characteristic for A: see [ 6 , 17, 24, 43]. A unipotent theta 
characteristic exists if and only if the number of cusps for A is even, cf. 
the discussion preceding [17, Theorem 4]. If g: A SL 2 (M) is a theta 
characteristic, then every other theta characteristic of A can be obtained 
as g ■ e, where e runs through all group homomorphisms Zl —)■ /i 2 = {if}- 
Hence 0(Z\) is a torsor under the group Hom(Z\, fi 2 ) = H^(Z\, ^, 2 )- Similarly 
0 um(^), nonempty, is a torsor under the group /i 2 ) of all group 

homomorphisms Z\ —)■ /i 2 sending all parabolic elements to 1 . 

It is no coincidence that these two sets have such similar cohomological descriptions; 
if G is a smooth curve over C and A = 7 ri(G'^“) is viewed as a lattice in PGL 2 (M) + 
via the uniformisation theorem, then there is a natural bijection 0'^“(Z\) —)■ 0(G). 
It is equivariant for the isomorphism /i 2 ) = Hl^(G,/i 2 ) obtained from the 

identihcation of 7 ri(G'^“) with the quotient of A by the normal subgroup generated 
by its parabolic elements. 

To construct it, let f?: Zl —)■ SL 2 (M) be an element of 0““(Z\), and let F = g(A). 
Then G'^'^ = r\M., and so we can view the Fuchsian variation Wr as a variation 
on G®''^. By construction it has unipotent monodromy around the cusps. Therefore 
we obtain a Higgs held d: —)■ 0 Dh(logD). 

Proposition 2.7. The Higgs field d: —)■ 0a;^(logD) is an isomorphism, 

hence ST is a logarithmic theta characteristic on C. 

Proof. The Higgs held corresponding to the universal variation W on HI is easily 
seen to be an isomorphism, hence so is the restriction of -d to G. It remains to 
check isomorphy at the cusps. As a local model consider the quotient variation 
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on -roo\EI = D \ {0} for Foo the cyclic group generated by | J. Its 

underlying vector bundle is isomorphic to = (5^ on D\ {0} with Hodge hltration 
= 0 © (5 and connection 


V 




From this description one directly reads off the Deligne extension of to D and 
its corresponding Higgs field, which is given by 


—)■ © ctiD(O), 


hence an isomorphism. 


/(^) 


/(t) dt 

j. 1 


□ 


The map F i—)■ [5?] is the desired bijection -A 0(6*). Its equivariance for 

the natural isomorphism H^ygp(Z\, jj,- 2 ) —)■ Hl^(C, ^ 2 ) can be checked by an elementary 
calculation involving automorphy factors, similar to the proof of [17, Theorem 1], 

Proposition 2.8. Let C be a smooth projective curve over C, let D C C'(C) be 
a finite subset and let C = C \ D. Assume that C is of hyperbolic type, i.e. the 
universal covering of C is H. Let Y be a real variation of elliptic curve type on C™ 
which has unipotent monodromy around all cusps and let A: S’ —)■ 5?“^ ©a;^(logH) 
be the associated Higgs field on C. 

Then the following are eguivalent: 

(i) The monodromy representation —)■ SL 2 (M) o/V® is conjugate to a 

unipotent theta characteristic o/7ri(C'*^°). 

(ii) The period map p\ ^ El is a biholomorphism. 

(Hi) d is an isomorphism of line bundles (‘the Higgs field is maximal’). 

(iv) S is a logarithmic theta characteristic on C. 

(v) The degree of the line bundle S is —\x{C), where x denotes the topological 
Euler characteristic. 

If these conditions are satisfied, then the unipotent theta characteristic o/7ri(C'“) 
in (i) and the theta characteristic of C in (iv) correspond to each other under the 
bijection 0"“(7ri(C®'’^)) AA 0(C). 


Proof. The equivalence (i) -vA (ii) is an elementary consequence of the fact that the 
period map is equivariant for the monodromy representation, and (ii) -vA (iii) is 
[53, Lemma 2.1]. A more abstract version of this argument can be found in the 
discussion preceding [48, Prop. 9.1]). 

The implications (iii) ^ (iv) ^ (v) are obvious. For the remaining part (v) ^ 

(iii) note that if (v) is true then A cannot be identically zero; assume it is. Then 
by construction the Hodge decomposition is flat, i.e. S = is the line bundle 
underlying a local subsystem of rank one in Vc. But such a line bundle has degree 
zero, contradiction. Hence the Higgs held is a nontrivial holomorphic section of the 
degree zero line bundle Hpm(5f, ©a;^(logZl)); but as the degree is the number 
of zeros minus the number of poles and A has no poles, it cannot have any zeros 
either, hence it is invertible. □ 
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3. Quaternionic Shimura varieties 

We now review the construction and some important properties of the Shimura 
varieties that occur as targets for modular embeddings. They have been studied 
extensively in [47] in rather classical language; however, for our approach the adelic 
formalism developed by Deligne [9, 11] is more suitable. We state all dehnitions 
necessary for our setup, but for their incorporation into a general theory the reader 
is advised to consult [9, 11, 34, 35]. 


3.1. The Shimura varieties themselves. Let F be a totally real number held 
and let S = S/ U Soo be its set of places. Let F be a quaternion algebra over F and 
let U 9^00 (F) be the set of places where B is ramihed. Throughout 

we assume Eichler’s condition; the set 7 = Soo \ 3^oo(F) is nonempty. For every 
G T we hx an isomorphism 


B M — M 2 (]K.). (4) 

Let H be the linear algebraic group over F with H{F) = B^ (the group of 
invertible elements in B with reduced norm one); let G = Res^/QiL. Then (4) 
induces, for every ^7 G T, an isomorphism Hp ®p^qM. = SL 2 ,r, and for every q G 
IRoo(F) we hx an isomorphism Hp M = SU 2 ,r. These glue to an isomorphism 

Gr — Hp ^p^g M — 7 > SL 2 ,r X SU 2 ,r . (5) 

Let be the adjoint group of G, and similarly for H, so that G^‘^(Q) = H^'^{F) = 
B^ /F^. Then the isomorphism (5) induces an isomorphism 

gr = n ^ n pgl 2 ,r X n pu 2 ,r . ( 6 ) 

eeSoo ee? geJi oo (B) 


Let § = Resc/RGm be the Deligne torus (cf. Section 2.1), and let hi: § —)■ PGL 2 ,r 
be the standard homomorphism, given on M-points by 


^ PGL2(M), 


a + 6 i I—)■ 


-b 


mod 


Let h: § —)■ be the homomorphism which in the product decomposition ( 6 ) 

is given by hi on each PGL 2 ,R-factor and by the trivial homomorphism on each 
PU 2 ,R-factor. Let X C Hom(§, G^'^) be the G^‘^(M)'''-conjugacy class containing h. 
The pair (G,X) is a connected Shimura datum in the following sense: 

Definition 3.1. A connected Shimura datum is a pair (G, X) consisting of a 
semisimple algebraic group G over Q and a -conjugacy class X of homo- 

morphisms h: § —)■ Gg'^ such that the following conditions are satisfied for one (and 
hence all) h ^ X: 

(i) No characters other than 1, z/z and z/z occur in the representation of S 
on Lie G^*^. 

(ii) adh(i) is a Cartan involution on G^'^. 

(Hi) h projects nontrivially to every Q-factor of G^'^. 

The dehnition given here is the ‘alternative dehnition’ [35, Dehnition 4.22]. It is 
also used in [33, p. 93] on which we heavily rely. 
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Congruence subgroups. Recall that an automorphism of a hnite-dimensional C- 
vector space is neat if its eigenvalues generate a torsion-free subgroup of C^, and 
an arithmetic subgroup F C -R(Q) of a linear algebraic group R over Q is neat if 
the image of F under one (equivalently, any) faithful rational representation of R 
has only neat elements. Every sufficiently small congruence subgroup of R(Q) is 
neat by [1, 17.4], Note that neat subgroups are torsion-free. 

Let G be a semisimple linear algebraic group over Q. The set of neat congruence 
subgroups of G(Q) is denoted by E(G). The completion of G(Q) with respect to the 
topology induced by the subgroups in S(G) is canonically identihed with G(A-^). 

The set of neat arithmetic subgroups of that contain the image of a 

congruence subgroup of G(Q) is denoted by S(G). Note that these are not neces¬ 
sarily congruence subgroups of If T G S(G) then its image in 

is an element of S(G) denoted by adT. The completion of with respect 

to the topology induced by these subgroups is denoted by sF{G). Note that this is 
the group denoted by in [11] and [33]. If G is simply connected (as in all 

cases we consider) the canonical maps ad: G(A'f) —)■ sF{G) and G®''^(Q)’'' —)■ s/{G) 
dehne an isomorphism of topological groups 

G(A^)*g(Q)G^"(Q)+ = ^(G), (7) 

see [11, 2.1.6.2]. 

Quotients. The space X admits a natural structure as a complex manifold, in fact 
as an Hermitian symmetric domain. The operation of G*^‘^(M)’'“ on X by conjugation 
identihes G^'^(M)’'' with the group of biholomorphisms X —)■ X. Each arithmetic 
subgroup F C G^‘^(Q)’'' containing a group in S(G) operates freely and properly 
discontinuously on X; the quotient F\X is a normal complex space, and by [2, 
Theorem 3.10] it admits a unique structure as a normal quasiprojective complex 
variety. We denote this variety by Sh)f(G,X). If T G S(G) this variety is smooth, 
and X is the universal cover of F\X = Sh)f(G,X)(C). The system consisting of 
the Sh)f(G,X) for varying F G S(G) together with the obvious ‘forgetful’ maps 
Sh)^,(G,X) —)■ Sh)^(G,X) for F' C T, as well as its limit 

Sh°(G,X)= 1^ Sh°(G,X)= Sh°^^(G,X) 

ues(G) res(G) 

(limits in the category of C-schemes), is called the connected Shimura variety asso¬ 
ciated with (G,X). There is a natural left action of G®'‘^(Q)’'' on Sh°(G,X), given 
on hnite levels by 

g: F\X -)■ gFg-\X, [x] [gx]. 

By continuity it extends to an action of sF{G) on Sh°(G, X). If T G S(G) then the 
hnite type variety Sh)^(G,X) can be retrieved as the quotient /’\Sh°(G, X) where 
F is the topological closure of F in sF{G). 

Adelic description. Let F G S(G) and let K be its closure in G(A'f). Letting G(Q) 
operate from the left and K from the right on X x G{AQ by 

q{x,g)k = {&d{q)x,qgk) 
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we can form the double quotient G(Q)\X x G{K^)/K. From the general formalism 
of Shimura varieties it follows that the map 

adr\X ^ G(Q)\X X G{A^)/K, [x] ^ [x, 1] 

is biholomorphic. Passing to the limit over smaller and smaller F we obtain a 
bijection 

Sh°(G,X)(C) = G(Q)\X X G(A0 (8) 

that can even be considered as a biholomorphism for suitable topologies and complex 
structures on both sides, see [11, Section 2.7]. The action of s/(G) on Sh'’(G,X) 
translates via (7) and ( 8 ) to the following two left actions on G(Q)\X x G(A'f); 

(i) G(A'f) operates by a: [x,g] i—)■ [x,ga~^]; 

(ii) operates by q: [x,g] i—)■ [qx, ad{q){g)]. 

Since these two actions agree on G(Q), they indeed glue to an action by s^{G). 

Dichotomy: projective or modular. Let F G S(G') and let S = Sh^(G,X). Then 
S is projective if and only if i? is a division algebra; this is easily seen using the 
compactness criterion [3, Theorem 11.6] of Borel and Harish-Chandra. Otherwise 
B has to be isomorphic to M 2 (A), hence G is isomorphic to Resi?/QSL 2 . The 
associated Shimura varieties are then called Hilbert-Blumenthal varieties and can 
be interpreted as moduli spaces for abelian varieties A of dimension [F : Q] with a 
ring homomorphism F —)■ End(A) ( 8 )Q, together with certain level structures whose 
exact form depends on F. For more about these varieties see [52]. 

The compact dual Hermitian symmetric space. For each h; § —)■ in X we can 

consider the associated Hodge hltration homomorphism p,h'. Gm,c The 

G®''^(C)-conjugacy class X C Hom(Gm,c, containing ju^ depends only on X 
and not on the chosen representative h G X. The space X has a natural structure 
as a compact complex manifold, and in fact as a complex algebraic variety. The 
Borel embedding 

13'. X —y X, h I —y /i/j, 

realises X as an open complex submanifold of X. 

Classical description. We let act on by coordinate-wise Mobius trans¬ 

formations via the projection 

Gad(^)+ ^ JJpgL2 (M)+ X JJ PU2 (M) ^ JJpGL2 (M)+. 

(?ey ee3Joo(B) ee? 

Then for each h G X the image h(C^) C has a unique common hxed point 

in and sending h to that hxed point dehnes a biholomorphism X —)■ 

Similarly, the identihcation ( 6 ) dehnes a projection 

G-"(c) s n PGL2 (C)x J] PU2 (C) ^ J]PGL2(C). 

q&‘Roo{B) q&V 

We let G'^‘^(C) operate via this projection and by coordinate-wise Mobius trans¬ 
formations on P^(C)^. For each /r: Gm —)■ G^^ in X the image /r(C) C G'^‘^(C) 
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has a unique fixed point in P^(C)^, and sending /i to that fixed point defines a 
biholomorphism X P^(C)^. 

The maps constructed in this paragraph fit in a commutative diagram 



—^pi(c)^ 

with the natural inclusion on the lower horizontal line; the morphisms in this dia¬ 
gram are equivariant for the corresponding morphisms in the commutative diagram 


(PGL2(M)+)^c-> PGL2(C)^. 

3.2. Automorphic line bundles. Let ii —)■ P^ be the total space of the line bundle 
0(1) on P^. Recall that the fibre over a point x G P^(C) represented by a one¬ 
dimensional subspace hP C is the dual space W* = Hom(lT,C). Therefore the 
points of il(C) are pairs (hP, A) where hP C is a line and A: hP —)■ C is a linear 
form. Then 

defines an action of SL 2 (C) on il(C) which is fact an algebraic action of SL 2 on £ 
defined over Q and compatible with the vector bundle structure on £. 

For each embedding G T let £g be the line bundle on X which is the pullback 
of £ along the composition 

pr„ 

X = P^(C)^ ^ P^(C). 

Since this holomorphic map is equivariant for the corresponding projection on 
groups, 

pr 

G(C) ^ SL2(C)^ ^ SL2(C), 

the line bundle £g —)■ X becomes a Gc-vector bundle in a natural way. That is, 
Gc operates on £g as an algebraic variety in a way which is compatible with the 
structure map £p —)■ X and which respects the vector space structures on the fibres. 

This action restricts to a holomorphic action of G(M) on ££,|x —^ A. For every 
subgroup r G S(G) this vector bundle descends to a holomorphic vector bundle 

r\(£,U) ^ adf\^ = Shl^(G,X)(C). 

Lemma 3.2. Assume that |T| = dim S' > 1. Then there exists a unique algebraic 
structure 3’^ p on the bundle L^p compatible with the given holomorphic structure. 
Furthermore, any holomorphic global section of {3^ (g) is algebraic. 

Proof. This is contained in [34, III. Lemma 2.2]. □ 
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Also in the one-dimensional case there exists a canonical (but no more unique) 
algebraic line bundle underlying L^p (see [33, Section 4] for details); we denote 
its sheaf of sections by f, or, if F is clear from the context, simply by 2’g. 
Furthermore, the line bundles 3’^ p for varying F are compatible in the obvious 
way, hence we obtain a line bundle 3^ on Sh°(G,X) together with a continuous 
action of (^(A-^) lifting that on Sh°(G, X). Note this does not extend to an action 
of sF(G) on 


Remark 3.3. The bundle 3^p is the holomorphic line bundle over ad/’\X with 
automorphy factors 

jg( 7 , z) = + dg 


where = 


'Zg)g e EI-^ 


and 


7 i-A 


d, 


(9) 


under the fi-th factor projection in (5). That is, holomorphic sections of 3g over 
an open subset U C S'(C) are the same as holomorphic functions f: V ^ C, where 
V is the preimage of U in X, such that 


/(7^) 

for all 7 G T and z E V. Hence global sections of 3^ p can be identihed with 
holomorphic modular forms for F of weight one in direction g and weight zero in 
all other directions. 


Remark 3.4. The reason why we work with connected Shimura varieties instead of 
the more customary nonconnected Shimura varieties dehned by the groups Gq with 
G'o(Q) = is that the theory of automorphic vector bundles is much simpler in 
the connected case, with a necessity to use stacks in the nonconnected case, cf. [34, 
Section III.8]. In our situation, any congruence subgroup of 6*0(0) = B^ contains 
a hnite index subgroup of and hence elements that operate trivially on X but 
not on 

Now fix some subgroup F G S(G) with image F = adT G H(G) and set 
S = Sh°(G,X). The line bundles 3g = 3^p on S are related to the cotan¬ 
gent bundle Recall that the cotangent bundle of is canonically isomorphic 
to Hence the cotangent bundle of X ~ P^(C)^ is canonically isomorphic to 

0£f 

as a Gc-vector bundle. This in turn implies that there is a canonical isomorphism 
of algebraic vector bundles on S: 

a: 0S»7 = Sli. 

e&'y 

From this we can easily construct a Higgs held dg : 3g —)■ 3~^ 0 as the com¬ 
position 

'dg: 3g^ 3-^ 0 3®'^ -A 3-^ 0 0 ^ 
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These Higgs fields come from variations of Hodge structure: 

For every G T let be the pullback of the universal variation W on El along the 
projection pr^: EI^ El. he., it is the polarised variation of real Hodge structure 
on EI^ whose underlying local system is the trivial local system hF = with the 
symplectic form ip as in (1), and whose Hodge decomposition is of the form 

(w,),,c = e = c ■ 

(here z = Zg, ...) & EI^). 

In complete analogy to the one-dimensional case, the operation of SL 2 (M)^ by co- 
ordinate-wise Mobius transformations extends to an action on W^,. For this reason, 
can be interpreted as a real variation of elliptic curve type on X with an 
action of G(M). It therefore descends to a variation on S whose monodromy 
representation is given by (9). 

Lemma 3.5. Suppress all subscripts F for better readability. There is a canonical 
isomorphism of holomorphic line bundles —)■ such that the diagram 







commutes up to a sign. Here rj is the Higgs field associated with the variation of 
Hodge structure W^. 

Proof. These isomorphisms can be realised as follows: a lift of —)■ F^Wq to X 

sends an automorphic function / as in Remark 3.3 to the section of F^Wq C 

Wq., and a lift of W^fF^Wg —)■ to X sends the equivalence class of 

to the function Zgg{z) — f{z) which is automorphic for the system of automorphy 
factors jg{^, z)~^. □ 


Hilbert-Blumenthal case. These objects have a more geometric description in the 
case where B = M 2 (F). Recall that then for any F = adT with F G S(G) the vari¬ 
ety S = Sh° (G, X) has an interpretation as a fine moduli space for abelian varieties 
with certain PEL structures, in particular there is a universal family p: A ^ S 
of polarised abelian varieties of rank [F : Q] together with a ring homomorphism 
F ^ End(H/S') 0 Q. The polarised variation R^p*M decomposes as a direct sum 

RV*K = ^ (RV*IR)e 

where a & F acts on the summand with subscript q as multiplication by Q{a). A 
direct calculation shows that 

R^PM ^ Wg. ( 10 ) 

The holomorphic vector bundle underlying R^p*C is canonically isomorphic to the 
relative de Rham cohomology 

X-^A/S) = R‘p.(fi*4/s) 
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with the Hodge hltration given by the short exact sequence 

0 —)■ p*^\is S) —)■ 0 ( 11 ) 

and the Gauss-Manin connection —)■ %’J^^{A/S) All these 

structures respect the F-action on cohomology and hence decompose into eigen- 
spaces. 

Proposition 3.6. Let S be a Hilbert-Blumenthal variety with universal family 
p\ A —)■ S. Let be the subbundle of S) where F operates through g, 

similarly for and (IAp^0a)q- Then (11) restricts to a short exact sequence 

0 —)■ —)■ {L{}p^,©A)e 0 

and the Gauss-Manin connection restricts to a connection 

:%’g^^g(^ nl. 

Furthermore there exist isomorphisms of algebraic line bundles 

Sg '^y,^{VL\is)g and = (RV*<5a)£. 

sending the Higgs field 'dg-. 3’g —)■ 3’g^ 0 to the negative of the Higgs field 
associated with the connection . 

Proof. If dim A > 1 (equivalently, if F 7 ^ Q) the existence of these isomorphisms 
only needs to be checked in the analytic category by Lemma 3.2; this is accomplished 
by combining Lemma 3.5 with (10). The remaining case F = Q is easy. □ 

4. Geometry of modular embeddings 

In this section we study regular maps from algebraic curves to quaternionic Shimura 
varieties as in the previous section. 

4.1. Modular embeddings. Let {G,X) be a quaternionic connected Shimura 
datum as before, associated with a quaternion algebra B over a totally real number 
held F. We shall consider triples {A, ip, f) of the following form; 

(i) Z\ is a lattice in PGL 2 (M)’''; 

(ii) is a group homomorphism (p: A ^ G®''^(Q)’'“ whose image is contained in 
an arithmetic subgroup of G^‘^(Q)'''; 

(iii) f is & holomorphic map /: El —)■ X which is equivariant for ip, i.e. which 
satishes 

f{6z) = p{6)f{z) for aW 5 & A, z & El. 

Using the classical description of (G, X) we can interpret f as a map El —)■ EI^; we 
denote the coordinate function El —)■ El for g E 7 hy fg. Similarly we can view 
p as a homomorphism A —)■ G^‘^(M)''', and via ( 6 ) we obtain for every g E “P a 
homomorphism pg\ A ^ PGL 2 (M)’''. 

Proposition and Definition 4.1. Let (G,X) be a quaternionic Shimura datum 
associated with B/F, let {A,p,f) as above, and let g E P. The following are 
equivalent: 

(i) pg\ A ^ PGL 2 (M)’'' is conjugate by an element o/PGL 2 (M)’'' to the identity 
embedding A ^ PGL 2 (M)+. 
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(ii) fg-. M. ^ M. is a biholomorphism. 

If this is the case we call {ip, f) a modular embedding for A with respect to g. 

Proof. The equivalence of the two conditions is a simple consequence of the Schwarz- 
Pick Lemma. □ 

If {if, f) is a modular embedding for A we can adjust the isomorphism (6), whose 
precise choice is not essential for any of our constructions, in such a way that 
ipg\ A ^ PGL 2 (M)’'' is the identity embedding and /g,: El —)■ El is the identity. 
Whenever we consider a specihc modular embedding we will therefore tacitly assume 
that this is the case. 

Sometimes we will need a stricter condition; 

ip{A) is contained in the image of G(Q) (12) 

Let A C PGL 2 (M)’'" be a lattice and let A be its preimage in SL 2 (M). The trace 
field of A is the subheld 

Q(trZ\) = Q(tr5 | 5 G C M 

generated by all traces of elements of A, and the invariant trace field of A is the 
intersection of all trace helds of hnite index subgroups of A. If A^^'^ is the subgroup 
generated by all 6^ for S E A {& normal subgroup of hnite index), then the invariant 
trace held of A equals (^(trZl*^^^), see [30, Theorem 3.3.4]. 

Proposition 4.2. Let {G,X) as above be associated with B/F. Let A C PGL 2 (M)’'' 
be a lattice such that there exists a modular embedding for A with respect to g E 7. 

(i) The invariant trace field of A is contained in g{F). All traces trS ford E A 
are algebraic integers. 

(a) If (12) is true then also the trace field Q(trZ\) is contained in g{F). 

Proof. Let K be the invariant trace held and let A' <E A he a. subgroup of hnite 
index with trace held K. Let A C M 2 (M) be the iL-subalgebra generated by A' C 
SL 2 (M) C M 2 (M); this is a quaternion algebra over K. 

By assumption the image of A in G®''^(Q)’'' is contained in an arithmetic subgroup 
containing a group in S(G). By further shrinking A' we may assume that ip{A') C 
F = adP for some F E S(G). 

For (i), assume that ip^: A ^ PGL 2 (M)’'' is the identity inclusion; then A' is 
contained in the image of F G = G{Q) under the fi-th coordinate map in (5). 
But then K C g{F) since the latter is the trace held of F, and the identity inclusion 
induces an isomorphism A F = B. The traces of elements in A' are then of 

the form g{x) for algebraic integers x E Op, hence the eigenvalues of any element 
in A' are algebraic units. Since every element in A has a hnite nontrivial power in 
A' also the eigenvalues of elements of A are algebraic units, hence the traces are 
algebraic integers. 

A very similar argument proves (ii). □ 

Examples 4.3. (i) If A is an arithmetic group itself there is a tautological mod¬ 

ular embedding. Recall that A is arithmetic if and only if it is commensur¬ 
able to a group of the form Og for some order Oq in a quaternion algebra 
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Aq!Kq which splits at precisely one archimedean place. Then there is a 
connected Shiniura datum (Go,Xo) with Go(Q) = ^ modular em¬ 

bedding {f,(p) with /; El —)■ Xq a biholomorphism and (p: A ^ Go'^(Q)’'" 
restricting to the canonical embedding on Note that this can be ex¬ 

tended to A by the Skolem-Noether theorem which implies that A is con¬ 
tained in the image of (^Iq )■*■ in PGL 2 (M)+, which is canonically isomorphic 
to 

We may, however, start with any totally real extension K/Kq and set 
A = Aq^Ko From this we can easily construct a modular embedding for 
A into {G,X) with G(Q) = A^ and X ~ each of its coordinates 

is (up to a change of coordinates) given by / and ip constructed before for 
(Go, Wo). 

(ii) For a specihc example, let A be the Fricke group for a rational prime p, 
which is the group generated by the images of 


j€SMZ) 


c = 0 mod p 


and 


0 -1 
p 0 


in PGL 2 (Q)’^. Gonsidered as a subgroup of PGL 2 (M)’^, its invariant trace 
held is iPo = Q but its trace held is K = Q{^/p) because the lifts of the 
additional matrix generator to SL 2 (M) are 

0 

.Vp 


± 


1 

'Vp 

0 



(iv) 


The associated quaternion algebra is i? = M 2 {K), hence we can choose F 
to be a congruence subgroup of SL 2 (W), i.e. a Hilbert-Blumenthal modular 
group operating on Now Galois conjugation operates trivially on the 
elements of A, hence the diagonal map El —)■ is a modular embedding for 
A, and the image in the Hilbert-Blumenthal surface r'\EI^ is a Hirzebruch- 
Zagier cycle, cf. [23]. 

Note that the modular embedding into PGL 2 (iP)+ satishes (12), but the 
tautological embedding into PGL 2 (Q)’'' does not. 

In a similar way we can construct a modular embedding where A is cocom¬ 
pact but the arithmetic subgroups of G®''^(Q)’'' are not. Let A he a cocom¬ 
pact arithmetic group derived from a quaternion algebra A^ over Kq, and 
choose W to be a totally real extension of Kq that splits Aq. Then the con¬ 
struction in (ii) yields a modular embedding (/, ip) with p>\ A ^ G'^^(Q)^ = 
PGL2(W)+. 

Let p,q,r E N U {cxd} with 



p q r 


where we set ^ = 0. Then there exists a lattice Ap^q^^ C PGL 2 (M)’'', unique 
up to conjugacy, with presentation 


Ap^q^r = {x, y,z \ = z'’ = xyz = 1) 

where ‘a;°° = 1’ is interpreted as is a nontrivial parabolic element of 
PGL 2 (M)’''’, and similarly for y and ; 2 . This group is called the triangle 
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group of signature {p, q, r). Its trace field is 

^ / TT 71 71 

q r = COS — , COS —, COS — 

\ p q r 

and it generates a quaternion algebra over this trace field. Then there 
is a connected quaternionic Shimura datum (G,X) with G(Q) = and 

a modular embedding consisting of /: El —)■ X and (p\ A ^ This 

modular embedding is constructed in three different ways in [5], by Schwarz 
triangle functions, by hypergeometric differential equations and by period 
maps for special families of abelian varieties. It has the convenient property 
(12), as can be seen from the first of the three constructions in [5]. 

(v) The uniformising groups of Teichmuller curves, i.e. algebraic curves which 
are immersed in the moduli space Mg of smooth projective genus g curves 
in a totally geodesic way for the Teichmuller metric, admit modular em¬ 
beddings. This was shown in [31, Theorem 10.1] for g = 2 and in [38, 
Corollary 2.11] for the general case. These modular embeddings are stud¬ 
ied in detail in [40]. The quaternion algebras in these modular embeddings 
are always of the form M 2 (F) with g{F) being equal to both the trace 
held and the invariant trace held. The equality of the latter is [25, Corol¬ 
lary 6.1.11]. This implies that they, too, have the property (12) that (p{A) 
is contained in the image of G(Q) = SL 2 (F). 

A modular embedding /: El —)■ X descends to a holomorphic map between the 
quotients /: Z\\EI —)■ r\X. By a theorem of Borel [2, Theorem 3.10] this is induced 
by a regular map of normal algebraic varieties /: C —)■ S' = Sh° (G, X). If / arises 
in this fashion we say it is covered by a modular embedding. 

4.2. Maps from curves to Shimura varieties. Let {G, X) be a connected Shimura 
datum dehned by a quaternion algebra B/F as before, let F G S(G) and let 
S = Sh^(G,X). Let further G be a smooth complex algebraic curve and let 
/: G —)■ S' be a morphism of algebraic varieties. From Liouville’s Theorem we 
easily see that if the universal covering of G'^" is C or P^(C) then / is constant, so 
we assume from now on that G is hyperbolic. 

After choosing appropriate basepoints we can lift / to a holomorphic map between 
the universal covers 

/: e^x 

which is equivariant for the induced map on fundamental groups 

: Zi = 7ri(G"") ^ r C G(M). 

Using the classical description X ~ EI^ and G(M) -» SL 2 (M)^ we can split these up 
into coordinate components 

and : TTi(G'"^) ^ SL 2 (M). 

We can also pull back the various bundles on S along /. Hence we obtain on G, for 
every g E 7, a real variation f*Wg of elliptic curve type, a line bundle and a 

Higgs held 


/•i),: rse, ^ rsep 0 fa's ^ rsfp 00.0 


( 13 ) 
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where f*^s ~ in (*) is the canonical map. Note that since / is an 

algebraic map and the Higgs held on S is algebraic, so is (13). 

We hrst assnme that C* is a smooth projective cnrve. 

Theorem 4.4. Let C be a smooth projective curve of genus at least two, let S = 
Sh°df(G,X) with r G S(G), and let f: C ^ S be a morphism of algebraic varieties. 
Fix some embedding g ^ 7. With the notations of this section, the following are 
equivalent. 

(i) f is a modular embedding with respect to g. 

(a) The homomorphism ipg-. —)■ SL 2 (M) is conjugate to a theta charac¬ 

teristic of A = 7ri(C"^“). 

(Hi) The component map fg-.M^Misa biholomorphism. 

(iv) The Higgs field f*'dg is maximal. 

(v) f*2’g is a theta characteristic on C. 

(vi) The degree of the line bundle f*3’g is equal to 

If these conditions are satisfied, then ipg G in (ii) and f*3’g G 0(C) in (v) 

correspond to each other under the bijection 0““(Z\) -H- 0(C) from section 2.3. 

Proof. This follows directly from Proposition 2.8. □ 

Finally we note that the line bnndle Mg = is geometrically mnch easier to 
describe than S’g-. it is a snmmand in the decomposition 

coming from the prodnct decomposition X = Fnrthermore, it depends only on 
the gronp F G S(C) instead of a choice of F G S(C). 

Corollary 4.5. Let C be a smooth projective curve of genus at least two, let S = 
Sh^(C, X) with F G S(C) and let f: C ^ S be a morphism of algebraic varieties. 
Fix some embedding g & 7. Then f is covered by a modular embedding with respect 
to g if and only if f*Mg is isomorphic to uq (as an algebraic, holomorphic or 
topological line bundle; these statements are all equivalent under these conditions). 

Proof. Assnme hrst that f*Mg^r — ^Ci ^^d let F' C F be a snbgronp with F' = adF' 
for some F' G S(C). Let C' —)■ C be the hnite nnramihed covering corresponding 
to the snbgronp if~^{F') C A, and let f'\C'^S' = Shp,(C,X) be the obvions 
lift of /. Then by pnllback f'*Mg^r' — ^Ci hence f*SL^p, is a theta characteristic 
on C. By Theorem 4.4 /' is covered by a modnlar embedding, hence so is /. 

Now assnme that / is covered by a modnlar embedding, and choose F' as before, 
bnt in addition normal in F. Then we obtain an isomorphism of line bnndles 
f'*Jtg^r —t ujc which is by constrnction invariant nnder the hnite gronp F/F' 
acting on C', hence it descends to an isomorphism f*Jtg^r ^c- n 

We now tnrn to the affine case. 

Proposition 4.6. If f: C ^ S is covered by a modular embedding, where C is a 
smooth affine complex curve, then B ~ M 2 (F), hence S is a Hilbert-Blumenthal 
variety. 
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Note that the reverse implication does not hold; there exist projective Shimura 
curves modularly embedded in non-projective Hilbert-Blumenthal varieties, cf. Ex¬ 
ample 4.3. (hi). 

Proof. The preimage of the fundamental group of in SL 2 (M) contains nontrivial 
unipotent elements. Hence so does G'(Q); but if 1 7 ^ 7 G G'(Q) = is unipotent, 
then 7 — 1 G H \ {0} is nilpotent, hence B cannot be a division algebra. □ 

We assume for the rest of this subsection that B = M 2 (E). Recall that then W^, 
can be described as a direct summand, dehned by an eigenvalue equation, of the 
variation where p: H —)■ S' is the universal family, and the associated vector 

bundle with its Hodge hltration and its connection can be constructed in a purely 
algebraic way from the universal family. 

Lemma 4.7. After possibly replacing B by a suitable subgroup in S(G) and corres¬ 
pondingly C by a finite unramified covering we may assume that /*W^ has unipotent 
monodromy around the cusps of C. 

Proof. Let pc'- Ac —)■ C* be the pullback of the universal family p: A ^ S along /. 
Then by (10) the variation /^W^, is a direct summand of the variation 
on C, and such variations have quasi-unipotent monodromy around the cusps by 
[7, HI.§2, Theoreme 2.3]. □ 

Theorem 4.8. Let S and C = C D as before, and let f: C ^ S be a reg¬ 
ular map corresponding to an algebraic family of abelian varieties pc'- Ac —)■ C 
with an inclusion F ^ End(H( 7 /C) 0 Q. Denote g-isotypical components of F- 
modules by subscripts q. Then, after possibly passing to finite unramified cover¬ 
ings, the Gauss-Manin connection V™ on the vector bundle {^dRi^c/C))g on 
C has regular singularities with unipotent monodromy around the cusps of C. Let 
Pext- ^ext —t ^'ext ® -^) logarithmic Higgs bundle corresponding to the 

Deligne extension of {%’f^{Ac/C))g. 

Then the following are eguivalent: 

(i) f is covered by a modular embedding for g. 

(a) pext is an isomorphism. 

(Hi) Wext is a logarithmic theta characteristic on C. 

(iv) The degree of Wext is —|x(C). 

Proof. Since the logarithmic Higgs held pext is isomorphic to that associated with 
the variation f*Wg, conditions (ii) and (iii) can be reformulated as statements about 
that variation. The fi-th component /^: El —)■ El of the universal covering map / is 
the period map for this variation. The theorem follows from Proposition 2.8. □ 

Remark 4.9. It is desirable to compare Theorems 4.4 and 4.8. Note that in the 
setup of Theorem 4.8 the line bundle 'S = S’extic = P*(^Ac/c)e i® isomorphic as 
an algebraic line bundle to f*SLg, with the Higgs helds p = Pextic and f*^}^ corres¬ 
ponding to each other. Once we know that / is covered by a modular embedding, 
there is a unique extension of {f*3’g, f*'dg) to a logarithmic Higgs bundle on C 
with maximal Higgs held, but for an arbitrary regular map / the situation is more 
complicated and there is no obvious way to choose an extension of {f*2Tg, f*'^^) to 
a logarithmic Higgs bundle on C. It seems that we need the subtler information 



26 


ROBERT A. KUCHARCZYK 


encoded in the relative de Rham cohomology to decide how to extend the Higgs 
bundle to the cusps. Alternatively one might study a suitable extension /: C* —)■ S' 
for some compactification S of S, corresponding to a family of semi-abelian variet¬ 
ies over C, and try to obtain ?7ext as a Kodaira-Spencer map for /. This, however, 
seems technically much more difficult and is not necessary for our purposes. 

4.3. Adelic theory. Let A C PGL 2 (M)’'' be a semi-arithmetic lattice, let F C 
be an arithmetic subgroup containing the image of a congruence subgroup 
of G(Q), and let (p: A F and /: El —)■ X constitute a modular embedding with 
respect to p: F K C R. 

Definition 4.10. Let A' C A be a subgroup. Then A' is a congruence subgroup of 
A with respect to ip if it contains a subgroup of the form (p~^{F') with F' G H(G). 

Recall that 0 = 0 k{A) is an order in a quaternion algebra AjK. For every ideal 
n of A we dehne the principal congruence subgroup A(n) as 

Z\(n) = e A I 5 - 1 G nO}. 

This is clearly a congruence subgroup. 

Proposition 4.11. Assume that p satisfies (12). Then a subgroup of A is a con¬ 
gruence subgroup with respect to p if and only if it contains a subgroup of the form 
A(n). 

Proof. Easy. □ 

Therefore for modular embeddings satisfying (12) the notion of congruence sub¬ 
group is intrinsic to A. In general it can be slightly more complicated. In any 
case the congruence subgroups define the neighbourhood basis of the identity for 
a topological group structure on A, and the completion A, called the congruence 
completion, is canonically isomorphic to 

A = l^A/A', 

A' 

A' running over all normal congruence subgroups of A. This is a profinite group. 
Similarly, the congruence completion of T is a prohnite group F which is canonically 
isomorphic to the topological closure of F in s^{G), an open compact subgroup of 
the latter. The homomorphism p: A ^ F has a unique continuous extension 
p: A ^ sf{G). It is injective, and it induces a homeomorphism from A to a closed 
subgroup of F. Under the additional condition that the trace field of A is the 
same as the invariant trace field this closed subgroup is in fact open by superstrong 
approximation, cf. [26, Proposition 4.4]. 

For a subgroup F G S(G) let G^-i(r) be the complex curve with = 

(/9“^(r')\]HI. Then / descends to a morphism of algebraic varieties 

/r:C'^-i(r)^Sh°(G,X). 

Passing to limits in the category of C-schemes, we obtain C-schemes of inhnite type 

C = l^U^-qr) and Sh°(G,X) = l^Sh° (G,X). 
r r 
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By construction, A acts continuously by C-scheme isomorphisms on C, and £^(G) 
acts similarly on Sh'’(G,X) (as we have already seen). 

We summarise these considerations: 

Proposition 4.12. A modular embedding as above gives rise to a morphism of 
schemes of infinite type over C, 

f:C^Sh\G,X), 

which is equivariant for the embedding ip: A ^ s/{G). 

For a congruence subgroup A' F A with closure A' in A the corresponding curve 
G' can be retrieved as G' = A'\C, and similarly for Sh°(G,X). 

5. Galois conjugation 

In this section we study how abstract field automorphisms of C act on Shimura 
varieties, automorphic Higgs bundles and modular embeddings. In the end we 
draw some consequences for dessins d’enfants. 

The action of field automorphisms of C on Shimura varieties and automorphic 
bundles can be described in elementary terms for Shimura varieties of type PEL, but 
for more general Shimura varieties such as the ones we are considering a more elab¬ 
orate approach is needed. This approach constructs, for each connected Shimura 
datum [G, X), each field automorphism r G Ant C and each special point x E X, a 
new Shimura datum {'^’^G, '^’^X) which is obtained from the original one by twisting 
the groups involved by certain torsors that can be described by Galois cohomology. 
We give a review of this theory adapted to our purposes in sections 5.1 to 5.3. 

5.1. The Serre, Taniyama and Galois groups. Fundamental to the general 
theory of Galois conjugation on Shimura varieties is a short exact sequence 

1^©^T^0-g1 (14) 

of pro-algebraic groups (i.e., projective limits of linear algebraic groups) over Q, 
equipped with certain splitting data over C and Qp. We now review the construction 
of these three groups, the sequence (14) and various auxiliary structures. 

Elementary construction of the groups. The group 0 is simply the absolute Galois 
group Gal(Q/Q), interpreted as a constant profinite group scheme over Q. That is, 

0 = l^(Gal(L/Q))Q, 

L 

where L runs through all finite Galois extensions of Q contained in Q, and Gq 
denotes the constant group scheme Spec for any finite group G. 

The group & is the Serre group (also known as Serre torus); it can also be 
constructed as a projective limit 

6 = 1^6^. (15) 

L 

The facts mentioned below are proved in the opening section of [37]. 

The group is the quotient of the torus = Res^^/Q Gm by the Zariski closure 
of any sufficiently small finite index subgroup of of G = T'^(Q). The character 
group of is the free Z-module spanned by [^i], where g runs through all field 
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embeddings g: L ^ Q, with Galois action a ■ [^ 7 ] = [a o ^]. Hence the character 
group of is a Galois-stable subgroup of this group; an easy argument involving 
Minkowski’s Geometry of Numbers shows that X*(©'^) consists precisely of the 
characters y G X*(T^) with 

{a — l)(t -1- l)y = (t -I- 1)((T — l)y = 0 for all a G Gal(Q/Q). (16) 

This condition can be reformulated as follows: 

X*(©'^) = { a,g[g] I —dg — dig independent of g}. (17) 

q: L— 

There is a natural homomorphism : S —)■ ©^ given on character groups by 
X*(h^):X*(©^)^X*(§)= 0 l\d\ 5^a,[^5]^aid[id] + aJ6]. 

q' : R—)-C Q 

Gomposition with the ‘weight’ and ‘Hodge hltration’ homomorphisms yields homo- 
morphisms t ©'^ (nota bene: dehned over Q) and : Grn,c ©^ given 

on characters by 

X*(w^): X*(G^) —)■ Z, —Oid — dt = the constant from (17), 

and 

X*(ju^):X*(6^) ^ Z, ^ Uid- 

e 

Definition 5.1. Let T be a Q-torus which splits over L, and let p: Grn,c Tc 
a cocharacter. Then p satisfies the Serre condition if 

{a — !)(<. -|- l)/i = (i -|- 1)((T — l)/i = 0 for all a G Gal(Q/Q) 

(compare (16)). 

A simple calculation shows that the pair (©^,/i^) is universal for tori split over 
L with a cocharacter satisfying the Serre condition: 

Lemma 5.2. Let T be a Q-torus which splits over L, and let p G X*(T) be a 
cocharacter satisfying the Serre condition. Then there exists a unique morphism of 
tori a: ©^ T (defined over Q) such that p, = aco . 

For each hnite extension L C L' C Q the norm map restricts to a homo¬ 
morphism —)■ ©^, and the limit (15) is to be understood with respect to these 

homomorphisms. Furthermore we can restrict ourselves to GM-£elds L because 
©^ = ©^ if L is the union of all GM- or totally real subfields of L'. Hence © is the 
pro-torus whose character group X*(©) consists of all functions n: Gal(Q/Q) —)■ Z 
which factor through some Gal(L/Q) with L/Q Galois and GM and for which 
—n{a) — n{ia) is independent of a. Since the homomorphisms h^, and are 
compatible with this limiting process, we obtain homomorphisms 

hcan = lim : § —)■ ©r, U’can ^ Gm —)■ ©, /ican ^ Gm,C ©C- 

From Lemma 5.2 we deduce that (©,/Ucan) is universal among pairs {T,p) where T 
is a torus over Q and p G X*(T) satisfies the Serre condition. 
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The group T is called the Taniyama group. It can also be constructed as a limit 
object. In [28, section 5] Langlands constructs, for each hnite Galois extension L/Q 
contained in Q, an exact sequence of groups 

1 ^ ^ ^ ^ 1, (18) 

where 0'^ is the constant group Q-scheme dehned by Gal(L®''^/Q), and then shows 
that (18) admits a limit as L varies. 

Tannakian theory and motives. The sequence (14) also admits another descrip¬ 
tion in terms of Tannakian categories. This is much less amenable to explicit 
calculations, but it is conceptually very elegant and explains the appearance of 
this sequence when held automorphisms are applied to Shimura varieties. For the 
formalism of Tannakian categories and hbre functors see [13]. The theory to be 
summarised below is beautifully explained in [34]. 

Let CMc be the Tannakian subcategory of the category of pure Hodge Q- 
structures generated by all Hi(H“,Q), where A is an abelian variety with complex 
multiplication over C, and the Tate Hodge structure Q(l). Then the Tannakian 
fundamental group of CMc for the hbre functor given by the underlying Q-vector 
spaces is canonically isomorphic to ©, see [12] or [34, Prop. 4.5]. 

We let ArtQ be the category of Artin motives, i.e. of hnite-dimensional continuous 
Q-representations of Gal(Q/Q). Then the Tannakian fundamental group of Art^ 
with respect to the tautological hbre functor is canonically isomorphic to 0. 

Finally we let CMq be the Tannakian category of motives over Q generated 
by the Tate motive Q(l) = H 2 (P^), the motives Hi(A) for all abelian varieties A 
over Q with potential complex multiplication, and the Artin motives (which can be 
viewed as subobjects of the motives Ho(H), where V runs over all hnite Q-varieties). 
All these motives can be constructed unconditionally using the theory of absolute 
Hodge cycles developed in [14]. Then we let T be the fundamental group of CMq 
for the hbre functor given by the Betti realisation. 

The inclusion ArtQ ^ CMq and the base change CMq —)■ CMq give rise to 
the homomorphisms in (14). 

Splittings. For every hnite prime i we can identify 0(Q£) with Gal(Q/Q), hence 
the Q^-valued points of (14) form an exact sequence 

1 ©(Qf) —)■ T(Q£) —)■ Gal(Q/Q); 

the last map is in fact also surjective, and there is even a canonical splitting 

sp^: Gal(Q/Q) —)■ T(Qf). 

It can easily be dehned using the Tannakian formalism; 

Let Hs be the canonical ‘Betti’ hbre functor CMq — > VectQ. Then H^ = 
Hb <8)q is endowed with a Galois representation (arising from the Galois ac¬ 
tion on Tate modules of abelian varieties). Hence each r G Gal(Q/Q) gives rise 
to an automorphism of H^, hence to an element of T(Qf), and this is by dehnition 
sp/i(r). Note that sp/i does not come from a homomorphism of pro-algebraic groups 
0Q, ^ Tq„ see [12, p. 261]. 

The product sp; Gal(Q/Q) —)■ T(A-^) of the sp^ is likewise a splitting of the 
sequence of groups of A'f-valued points obtained from (14). 
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5.2. Torsors and Galois cohomology. We recall some basic constructions in 
Galois cohomology, in both explicit and cohomological descriptions. For details 
and proofs, see the classical source [45, Chap. Ill, §1] or, in greater detail, the 
recent [16]. 

Recall that for an algebraic group G over a held k, a (right) torsor or principal 
homogeneous space is a /c-variety P together with a right action of G on P such 
that over an algebraic closure k there exists an isomorphism Pj —)■ equivariant 
for G^, which operates on itself by right translations. A torsor is trivial if such an 
isomorphism already exists over k] this is the case if and only if P{k) is nonempty. 

Let X be a /c-variety on which G acts from the left. Then the contracted product 
or twist of X by P, denoted by Px'^X, is the scheme-theoretic quotient {PXkX)/G 
(provided that it exists), where g G G{k) acts by {p,x) i—)■ {pg~^,gx). Two special 
cases shall be of interest; 

(i) If /: G —)■ P is a homomorphism of algebraic groups, then P H (where 
H is acted upon by G by left multiplication via /) is in a natural way a 
right P-torsor, denoted by /*P. 

(ii) If X has some extra structure respected by the G-action (such as a group 
structure, or a /c-algebra structure on a variety isomorphic to A^), then 
P x^ X has the same structure. 

The G-torsors up to isomorphism are classihed by the non-abelian Galois cohomo¬ 
logy set H^(A;, G). If G is the automorphism group of some ‘variety with additional 
structures’ X, then the same cohomology set classihes forms of X, i.e. varieties 
with additional structures X’ with Xk ~ Xj. This correspondence is realised by 
sending a torsor P to P x^ X, and pushforward of torsors as in (i) corresponds to 
pushforward of cohomology classes /*: H^(/c,G) —)■ H^(A;,P). 

Returning to the exact sequence (14), the Tannakian formalism gives rise to a 
simple construction of a T-torsor, the period torsor ^ = Isom '^fHR, H^r). Here Hr 
is the hbre functor on CMq dehned by the Betti realisation, and HdR is dehned 
by the de Rham realisation. The comparison isomorphism Hr Giq C = H^r 0q C 
dehnes an element c G f)3(C), and for each r G AutC we let Xoo(t) G T(C) be the 
unique element with 

c • Xoo(r) = r(c) G q3(C). 

The map Zoo- AutC —)■ ‘r(C) is a crossed homomorphism, and it does not factor 
through Gal(Q/Q). 

For r G AutC the preimage of {r|Q} C Gal(Q/Q) = ©(Q) under T —)■ 0 is 
a Q-subscheme C T which is by construction a right ©-torsor. In fact, the 
point Xoo(t) lies in "’"©(C) C T(C) (see [33, Prop, l.lj) and therefore provides a 
distinguished trivialisation of ’’© over C. For further reference let Sr G H^(Q, ©) 
be the cohomology class corresponding to ’’’©. 

5.3. Galois conjugates of Shimura varieties. We recall the action of r G Ant C 

on the connected Shimura variety Sh°(G, X). The description of this action depends 
on a special point x E X that is for now considered arbitrary and will later be 
specihed conveniently. 
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Special points. Let E C B he an F-subalgebra which is a CM held extension of F. 
Then let T C G be the maximal torus with 

T(Q) = {eEE^\ NE/F{e) = 1} c = G{Q), 

and let 

T = f/Z{G) ^ T^/T^ 
be its image in G^ = G/Z{G)] that is, 

T(Q) = E^/F^ C B^/F^ = G(Q). 

By an incomplete CM-type on E we mean a subset <P C Hom(Q(i?,C) such that 
<Pn = 0 and 

{ip\*\ipE^} = 7C}lomQ{F,R). 

There is a unique hxed point x of T(M) on X. The tangent space Hgi^X is a 
complex vector space of dimension |CP| with a linear action of E^ via its quotient 
T(Q). The set ^ of embeddings E ^ C that appear as a character in the E^- 
representation on Tgt^-X is an incomplete CM-type on E, and as an T'^-module 
Tgt,,, X is isomorphic to 

0C<^. 

Since T is constructed as a quotient of = Res£;/QGm, its character group 
becomes identihed with a Gal(Q/Q)-submodule of 

X*(T^) = 0 Z-[a], 

a: E^C 

namely with 

X*(T) = { acy[cr] | Oo- G Z, Oo- + a^o- = 0 for all a}. 

a: E^C 

Let ha;: § —)■ (T^)k be the homomorphism of real algebraic tori given on character 
groups by 

( [id] - [i] if a G 

0 Z-[a] ^X*(§) =Z-[id]©Z-[i], [a] ^ J [i] - [id] if a G 

I^Q if (j ^ ^ U 

and let ha;: § —)■ Tr be its composition with -E T. An easy calculation shows 
that the composition ha;: S —)■ Tr C Gr is precisely the homomorphism correspond¬ 
ing to the point x E X, when X is interpreted as a G®''^(M)’''-conjugacy class of 
homomorphisms § —)■ Gr^. 

The corresponding cocharacter '■ Gm,c (T^)(c which dehnes the Hodge £1- 
tration is given by 

r 1 a a E <P, 

X*(T^) ^X*(G^) = Z, [a]^i-l ifaGi^, (19) 

0 if a ^ ih U 

this uniquely determines fix - Gm,c —t Tc- The cocharacter px (but not necessarily 
fix, see Remark 5.6.(i)) satisfies the Serre condition and hence factors through the 
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Serre torus. That is, there is a unique homomorphism a^- © —)■ T dehned over Q 
such that the diagram 



commutes. 

The twisted group. The pushforward of the ©-torsor '^© along the composition 

a^: & 

dehnes a cohomology class gr = ax,*{sr) G and, by interpreting as 

the inner automorphism group of G, an inner form '^’^G = ’^© x® G of G. Similarly 
we obtain the inner form Ta;(^ad _ tq ^6 (^ad ^^ad^ 

But G^'^ is also the group of F-algebra automorphisms of B, hence twisting by 
dehnes an F-algebra = B x®'^©. It is a form of B, hence a quaternion 
algebra over F] the group '^’^G®''^(Q) can be canonically identihed with /F^, 
and similarly for '^’^G. The point sp(r|Q) G ’^©(A'f) trivialises the torsor '^© over A-^, 

hence it dehnes a canonical isomorphism of algebras over F (8)q = A pi 

rp. B ®F Ap ^’^B Ap. 

It can be split into local components 


B ®F Fy —)■ ^’^B ®F Fy (20) 

for every hnite prime v of F. We will also denote the corresponding isomorphisms 

and Gf, (21) 

by f]. There is also a canonical isomorphism of topological groups 

g: s^{G) ^ s^C’^G) ( 22 ) 

compatible with (21), constructed in [36, Lemma 8.2]. 

Proposition 5.3. For every finite prime v of F, the quaternion algebra '^’^B splits 
over V if and only if B splits over v. The set of infinite primes of F where '^’^B 
splits is equal to rtP. 

Proof. This is, in a slightly diherent language, the main result of [46]. It is stated in 
the language we use (but without proof and with a sign error) in [34, Remark 4.1(b)]. 
Note that the statement about the hnite primes follows directly from (20); for the 
inhnite primes some tedious but elementary calculations are needed. We refer to 
[46] for these, but it should be possible to replace them by the explicit cohomological 
calculations of [37]. □ 
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The twisted Shimura datum. Let '^’^G be the semisimple group constructed before, 
and let be its adjoint group. Note that the torus C is canonically 

isomorphic to T (even though the cohomology class tr € H^(Q, T) may be non¬ 
trivial) because the action of T on itself by inner automorphisms is trivial. Hence 
we may apply r to the cocharacter ■ Gm,c —t Tc and interpret the result as a 
cocharacter rfix '■ Gm,c This gives rise to a homomorphism S —)■ 

We let be the '^’^G®''^(M)’''-conjugacy class of homomorphisms § —)■ con¬ 

taining '^h. We denote when viewed as a point in by '^x. An easy calculation 
shows that then 

"’^(G,X) = ("’^G,"’^X) 
is again a connected Shimura datum. 

Its ‘classical’ description is this: for every G T we are given an isomorphism 
'^’^B <S)F,Tog^ — M 2 (M), and hence an operation of '’'’‘’’G‘^‘^(M) on by coordinate- 
wise Mobius transformations; corresponding to these isomorphisms we also obtain 
an isomorphism ~ 

We are now ready to describe exactly how r acts on the quaternionic Shimura 
varieties we consider. 

Theorem 5.4. There exists a unique isomorphism of C-schemes 

rSh°(G,X) ^ Sh°(^’^G, 
which takes t[x] to \f x\ and is equivariant for 

p: s^{G) ^s^C’^G) 

as in (22). 

This is a special case of a result of Milne-Shih [32], conjectured by Langlands [28]. 
For this case this result had been proved earlier in more classical language in [15] for 
Shimura curves and in [46] for quaternionic Shimura varieties of arbitrary dimension. 
The present author prefers the more abstract setup utilised here because it also leads 
to a useful description of the Galois actions on automorphic bundles, needed later 
on. 

Let r C G(Q) = be a congruence subgroup, let T be its congruence com¬ 
pletion, i.e. its topological closure in G(A-f), and let '^'^T = '’'’‘’’G(Q) n? 7 (/’). Then 
'^'^r is a congruence subgroup of '’'’‘^G(Q) ~ {Td'Y, and we obtain an isomorphism 
of complex algebraic varieties 

Jr: rSh° (G,X) ^ ShJ^J’"G,"’"X). 

Example 5.5. (i) Let 0 C H be an order, and let 0 = 0 0^ ^ be its closure in 

B^f = B <S)F AJ Then 0 is a compact open subring of B^f, hence 77 ( 6 ) is 
a compact open subring of . We set 

T,XQ d|f p T,XQ 

This is an order in '^'^B; it is maximal if and only if 0 is maximal. 

Then T = 0^ is a congruence subgroup of G(Q) and '^’^T = ('^’‘^0)^ is a 
congruence subgroup of '’'’‘^G(Q). If S is the complex algebraic variety with 
S'(C) = 0 and '^’^S is the complex algebraic variety with = 
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('^’*0)i\EI’'^, then the above-mentioned theorem states the existence of a 
canonical isomorphism tS = 

(ii) Continue with the notation from the previous example, and let a be an 
integral ideal of F. Using the fact that rj is an isomorphism of A^^-algebras 
we hnd the formula 

^.-(r(a)) = rr)(a) 

for principal congruence subgroups. Hence if we let S'(a) and be the 

varieties with S'(a)(C) = 0^(a)\X and '^’®S'(a)(C) = then 

TS{a) = "’"^(a). 

Remark 5.6. (i) The point x is always a special point, but only a CM point if B 

is totally indehnite. This is not a defect of our construction but necessary: 
CM points exist only if the weight homomorphism Gm,R ^ S —)■ is 

dehned over Q (compare the discussion in [35, Section 12]). In our case the 
held of dehnition of the weight homomorphism (which is independent of x) 
is the hxed held in Q of 

{a e Gal(Q/Q) \ao? = 7}. 

Clearly this is equal to Q if and only if T = Sqo, the set of all archimedean 
places of F. 

If this is the case, the map Qx'- & —)■ T can be lifted to and the 
above construction simplihes considerably. The cohomology class gx,*{sr) 
is then the image of a class in H^(Q, T®) = H^(U,Gm) = 0 and therefore 
the connected Shimura datum '^’^(G, X) is isomorphic to (G, X). 

(ii) The choice of x is inessential; changing it amounts to applying certain ca¬ 
nonical isomorphisms everywhere, cf. [33, Proposition 1.3 and Lemma 5.1]. 

Galois conjugates of automorphic bundles. Let "^’^X be the compact dual symmetric 
space of This comes with a natural action of Since "^’^X is derived from 

a quaternion algebra over F, we can construct a "^’^Gc-equivariant line bundle 
on for every q\ F —)■ M at which '^’^B is unramihed; that is, for every 

Q G tT. 

Now the trivialisation Zoo{t) G '^©(C) dehnes an isomorphism of complex algeb¬ 
raic groups 

Gc^'^’^Gc, g ^ [zoo{t), g]. (23) 

Proposition 5.7. There is a commutative diagram 

T-q _Z_s,T,a:p 

/ 7 '^TOQ 


tX ^’^X 

where the vertical maps are the natural structure maps of line bundles, the horizontal 
isomorphisms are eguivariant for (23) and the lower horizontal map sends t[x\ 
to Yx\. 

Proof. This is a simple combination of [33, Proposition 2.7 and Theorem 3.10], but 
in our special case it can also be checked by a straightforward calculation. □ 
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The '^’'^Gc-line bundle on '^’^X gives rise to an automorphic line bundle 
on Sh^C^’^G, which comes with a continuous '^’*G(A-^)-action, just as for £,g 

on X. 

Theorem 5.8. The exists an isomorphism of line bundles rS’g cov¬ 
ering the isomorphism rSh°(G,X) CLnd equivariant for 

p: G{Kf) 

Proof. This is a special case of Milne’s result [33, Theorem 5.2], □ 

5.4. Galois conjugates of modular embeddings. In this subsection we prove 
Theorem B, first in the simple version stated in the introduction (Theorem 5.9 
below) and then in a more elaborate version (Theorem 5.12 below) taking into 
account the adelic structures. 

Theorem 5.9. Let G he a smooth complex curve, let S = Sh^(G, X) be a qua- 
ternionic Shimura variety, with P torsion-free. Let f:G —)■ S be covered by a 
modular embedding with respect to p: F ^ M. Let r G Ant C, and identify rS with 
a quaternionic Shimura variety via the isomorphism {(p^,f)r. 

Then rf : tG —)■ rS is covered by a modular embedding with respect to r o g. 

Proof. For projective G this follows easily by combining Theorems 4.4 and 5.8. 

For affine G we use Theorem 4.8 instead. Note that all constructions involved are 
purely algebraic and stable under held automorphisms; relative de Rham cohomo¬ 
logy and the Gauss-Manin connection are, and the Deligne extension of relative 
de Rham cohomology can be characterised as the unique extension to an algebraic 
vector bundle with algebraic logarithmic connection having nilpotent residue, cf. 
Remark 2.4. □ 

Field automorphisms and uniformisation for curves. Let A C PGL 2 (M)’'' be a 
cocompact lattice, and let r G AutC. Then there exists a lattice Ld C PGL 2 (M)’'", 
unique up to PGL 2 (M)’''-conjugacy, such that applying r to the complex algebraic 
curve underlying Z\\]HI yields a curve isomorphic to hd\]HI, where the isomorphism 
is in addition required to preserve the orders of the elliptic points. This is of course 
a simple construction, but for our purposes there are two disadvantages to this 
elementary formulation; the group hT is only well-defined up to conjugacy, and it 
does not harmonise with the more elaborate constructions needed to describe Galois 
conjugates of Shimura varieties. 

Therefore we fix a point i/ G H. We shall construct an hermitian symmetric 
domain a real algebraic group '’'’^PGL 2 with an action of '’'’^PGL 2 (M)’'“ on 
by biholomorphisms, and a lattice '^'^A C '’'’^PGL 2 (M)+. 

There is a well-dehned smooth curve G over C with G(C) = Z\\EI, and there is a 
map e; G (C) —)■ N sending the image of a point a; G El to the order of the stabiliser 
Aj,. Let c G G(C) be the image of y G El. Then (rG, re) is again a smooth complex 
curve equipped with a geometric point, and we dehne (’’’’^EI, "’"i/) —)■ ((rG)®'“,rc) to 
be a ramihed covering space which has ramiheation order e(r“^(p)) at p G rG(C) 
and which is universal with these properties. Then "’"’^EI inherits a natural complex 
structure turning it into a bounded symmetric domain, and the Bergman metric is 
a canonical hermitian metric on ’"’^EI turning it into a hermitian symmetric domain. 
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It is isomorphic, but not canonically, to the upper half plane. The group B of 
biholomorphisms of is a real Lie group, and we let b be its Lie algebra. Then 
there exists a unique connected real algebraic subgroup ^’^PGL 2 C GL(b) such that 
'^’2'PGL2(M)’'' = Adi? = i? in GL(b). By construction, the deck transformation 
group of —)■ is a lattice in '^’^PGL 2 (M)^ = B, and there is a natural 

isomorphism r(Z\\EI) = ’'’^Z\\’'’^EI preserving the orders of elliptic points. 

Proposition 5.10. The groups A and'^’^A are isomorphic as abstract groups. The 
isomorphism can be chosen in such a way as to send elliptic, parabolic and hyperbolic 
elements to elements of the same type. 


Proof. The isomorphism type of A is uniquely determined by the orders of elliptic 
points, the number of cusps and the genus of the quotient. These are the same as 
for Elliptic, parabolic and hyperbolic elements can be characterised in purely 
topological terms. □ 


There seems to be no canonical way to construct such an isomorphism A —)■ 
for all lattices A. Note, however, that the prohnite completions of A and '^'^A are 
canonically isomorphic since they can be interpreted as etale fundamental groups. In 
Theorem 5.12 below we will see that if A admits a modular embedding then so does 
'^'^A, and there is a canonical isomorphism between their congruence completions. 


Modular embeddings, once more. Suppose there is given a modular embedding 
consting of the following data: a lattice A C PGL 2 (M) + , a quaternionic connec¬ 
ted Shimura datum {G,X), an arithmetic subgroup T C containing a 

group in S(G), a homomorphism (p\ A ^ T and a (/^-equivariant holomorphic map 

f-.m^x. 

As before, we obtain a regular map f:C^S between normal varieties with 
(ja.n _ 5 * — Sh^(G,X), and congruence completions (p: A ^ si{G) and 

/: Sh°(G,X). 

To formulate the next theorem, we need to assume one condition; 

Condition 5.11. There exists a point y G El such that x = f{y) G X is a special 
point for T. 

This is satished, for example, if y is an elliptic hxed point for some group com¬ 
mensurable to A. In particular, for A commensurable to a triangle group we can 
always hnd such a y. On the other hand, the Andre-Oort conjecture for S predicts 
that as soon as A is nonarithmetic there are at most hnitely many possible Z\-orbits 
for y. 

Theorem 5.12. Let y be a point as in Condition 5.11. 

(i) There exists a modular embedding for relative to the field embedding 
T o Q, consisting of a group homomorphism —)■ '^’^T C 

and a ip-eguivariant holomorphic map f : '^’^EI —)■ 
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(ii) There exists a commutative diagram of C-schemes 

tC > rSh°(G',X) 

r,yf 

equivariant for the commutative diagram of topological groups 

A — 


r,y/\ 

Proof. The morphism rf: rC —)■ rS admits a unique holomorphic lift to the simply- 
connected covering spaces 

such that = '^x. It is equivariant for a homomorphism of deck transforma¬ 

tion groups 

. r,y^ r,xp_ 

By Theorem 5.9 applied to suitable finite-index subgroups, "^’^f and constitute 
a modular embedding. 

It remains to construct the isomorphisms rC —)■ '^’yC and A —)■ '^’yA. To do 
this, note that a covering C ^ C coming from a finite-index subgroup A' <Z A is, 
a congruence covering if and only it arises as the pullback along / : G —)■ S' of a 
congruence covering of S. Since the latter are stable under r, congruence coverings 
of G correspond bijectively to congruence covers of rC = "^’yC, and we obtain the 
desired isomorphisms. □ 

Congruence subgroups. Assume now in addition that (12) holds. Recall that both 
triangle groups and fundamental groups of Teichmiiller curves admit modular em¬ 
beddings satisfying (12). Then p can be lifted to a homomorphism ip: A ^ G(Q) 
where A C SL 2 (M) is the preimage of A and where 

tr(5 = p(tr<p(5)) for all 6 E A. 

By Proposition 4.2.(ii) the trace field K = Q(trZ\) is then contained in q{F). 
By restricting to a subalgebra of B we will assume in addition that K = g{F)] 
this is an inessential restriction but it leads to a simpler notation. We obtain a 
quaternion algebra A = K{A) C M 2 (M) over K and an order 0 = Ok{A) of A. 
The map (p extends to an isomorphism A —)■ R of Q-algebras which is semilinear 
for (p |^)“^: K ^ F, and it sends 0 to an order Ob of B. 

We may then set F = 0^ and let F be its image in G'^‘^(Q)’''. Then p may be 
considered as a homomorphism p: A ^ F. For every ideal n of F we set 

r{n) = {^Er\^-lE nOs}, 
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and for an ideal a of we set 

^(a) = {6er\6-leaO} = ^-\r{g-^a)). 

We let r{n) and ^(a) be the images of these groups and PGL 2 (M)’'', 

respectively. 

Corollary 5.13. Let A C PGL 2 (M)’'' be a lattice admitting a modular embedding 
with (12) and with trace field K. Let y G El and r G Ant C, and let a be an ideal in 
K. Then the trace field of'^'^A is t{K), and '^'y{A{a)) = ('^’*G\)(ra). 

Proof. An easy argument shows that 0 = bF{(p{A)) and therefore = 6^7 
This implies Of{'^’^t{'^’^A)) is dense in since an order in a quaternion algebra 
is uniquely determined by its adelic closure we obtain 




Now h\(a) = fi ^{r{a)) and 


where (*) is justihed by Example 5.5. Since A and '^’’^A are dense in their respective 
congruence completions, this implies that '^’^(A(a)) = (’^’^Z\)(a). □ 


5.5. Application to triangle groups and dessins d’enfants. Let be a 

Fuchsian triangle group, let a be an ideal in its trace held and let Xp,j,.(a) be 
the smooth projective complex curve with associated Riemann surface Ap ^ ,.(a)\]HI. 
There is a unique isomorphism Xp^gr(l) = sending the elliptic points of or¬ 
der p,g,r to the points 0,1, cxd, respectively. Hence the quotient map Xp ,j ,.(a) — )■ 
Xp^q^r(l) = P^ is a normal Belyi map: it is unramihed outside 0,1, oo. 

Belyi maps are famously in one-to-one correspondence with the combinatorial- 
topological objects known as dessins d’enfants] the Galois action on dessins d’enfants 
is much studied for its importance in anabelian geometry. Let S>p,q^r(ci) be the dessin 
associated with the aforementioned Belyi map. 

Theorem 5.14. The action o/Aut C on the curves Xp^g^r(a) and the dessins ^p^g^r(ci) 
factors through Gal(Ap^g^r/Q)/ it is given by 

rXp^q^rici) = Xp^q^ri'ra) and rS>p_q^r(ci) — 

Proof. The triangle group Ap ^^. is a lattice in PGL 2 (M)''" with presentation 

Ap,g,r = (t, y, z \ xP = y'^ = z'' = xyz = 1). 

Moreover, it is the only lattice in PGL 2 (M)’'' with that presentation, up to conjugacy. 
Therefore if r G Ant C and y G El, and if we choose a biholomorphism "’"’^EI = El 
and hence an isomorphism '’'’^PGL 2 ,r = PGL 2 ,r, then by Proposition 5.10 ’"’^Ap^q^r 
must be conjugate in PGL 2 (M)’'' to Ap^q^r, and we may assume the identihcations 
are chosen in such a way that 

uM = A 

^p,q,r ^p,q,r‘ 

By Gorollary 5.13 we obtain 


Ap^g^j-(ci)) Apq j.(tci). 


□ 
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Special cases of this theorem were known before. In [18, Satz 2.5.1] it was proved 
for signatures of the form (2, q, r) satisfying some additional regularity property and 
for prime ideals a. Furthermore it was proved for all cocompact arithmetic triangle 
groups except ^ 3 , 4,6 in [20, Theorem 6]. Note that this is only contained in the 
preprint version [20], not in the published version [19]. These two works used a 
different method, analysing the operation of A/A(a) on the space of holomorphic 
one-forms on X(a). 

The groups Ap g r(ci) and the curves Xp ^ ,.(a) are studied in detail in [4]. In [27] the 
arithmetic aspects of modular embeddings for triangle groups and their congruence 
subgroups will be studied further. 
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